Abstract-In this paper we study the spectrum of certain large random Hermitian Jacobi matrices. These matrices are known to describe certain communication setups. In particular we are interested in an uplink cellular channel which models mobile users experiencing a soft-handoff situation under joint multicell decoding. Considering rather general fading statistics we provide a closed form expression for the per-cell sum-rate of this channel in high-SNR, when an intra-cell TDMA protocol is employed. Since the matrices of interest are tridiagonal, their eigenvectors can be considered as sequences with second order linear recurrence. Therefore, the problem is reduced to the study of the exponential growth of products of two by two matrices. For the case where K users are simultaneously active in each cell, we obtain a series of lower and upper bounds on the high-SNR power offset of the per-cell sum-rate, which are considerably tighter than previously known bounds.
I. INTRODUCTION
Techniques for providing better service and coverage in cellular mobile communications are currently being investigated by industry and academia. In particular, the use of joint multicell processing (MCP), which allows the base-stations (BSs) to jointly process their signals, equivalently creating a distributed antenna array, has been identified as a key tool for enhancing system performance [1] .
Motivated by the fact that mobile users in a cellular system "see" only a small number of BSs, and by the desire to provide analytical results, an attractive analytically tractable model for a multicell system was suggested by Wyner in [2] . In this work we consider a simple "Wyner-like" cellular setup presented in [3] . According to this setup, the cells are arranged on a circle (or a line), and the mobile users "see" only the two BSs which are located on their cells' boundaries. The users are hence in what is referred to as a "soft-handoff" situation, which is very common in practical real-life cellular systems, and is therefore of real practical as well as theoretical interest. All the BSs are assumed to be connected through an ideal backhaul network to a central multicell processor (MCP) , that can jointly process the uplink received signals of all BSs. With simplicity and analytical tractability in mind, and in a similar manner to previous work, the model provides perhaps the simplest framework for a soft-handoff setting in a cellular system, that still represents real-life phenomena such as intercell interference and fading.
Unfortunately, the analysis of "Wyner-like" models in general, and the "soft-handoff" setup in particular presents some analytical difficulties when MCP is considered and fading is present. These difficulties render conventional analysis methods such as large random matrix theory impractical. Indeed the per-cell sum-rate rate supported by the uplink channel of the "soft-handoff" setup is known only for a limited number of scenarios. In particular, calculating the latter rate in the presence of general fading channels (not necessarily Rayleigh fading channels), when finite number of users are active simultaneously in each cell, remains an open problem. This problem is closely related to calculating the spectrum of certain large random Hermitian Jacobi matrices. Motivated by the fact that future cellular systems implicitly assume high-SNR configuration, and confined by the analysis difficulties, the high-SNR characterization of this per-cell sumrate capacity, previously unknown in general, is the main focus of this work.
Focusing on the asymptotes of infinite number of cells, we prove the existence of a limiting per-cell sum-rate capacity in Theorem 1, and calculate its high-SNR slope and power offset with a single user active per-cell (intra-cell TDMA) under a rather general fading distribution. For a similar setup but with finite number of active users per-cell, we prove in Theorem 2 the existence of a limiting sum-rate capacity and calculate its high-SNR slope, while deriving an implicit expression for the rate high-SNR power offset. Moreover, in Proposition 3, we provide a sequence of explicit bounds on the latter high-SNR power offset where the gap between the lower and the upper bounds is decreasing with their order and complexity.
II. SYSTEM MODEL
In this paper we consider a linear version of the cellular "soft-handoff" setup introduced in [3] , according to which M + 1 cells with K single antenna users per-cell are arranged on a line, and the M single antenna BSs are located on the boundaries of the cells (see Fig. 1 for the special case of M = 3). Starting with the wideband (WB) transmission scheme where all bandwidth is devoted for coding and all K users are transmitting simultaneously each with average power ρ, and assuming synchronized communication, a vector 
baseband representation of the signals received at the BSs is given for an arbitrary time index by
The M × K(M + 1) channel transfer matrix H M is a two block-diagonal matrix defined by
where a m and b m are 1×K row vectors denoting the channel complex fading coefficients, experienced by the K users of the mth and (m + 1)th cells, respectively, when received by the mth BS antenna. n represents the M ×M zero mean circularly symmetric Gaussian noise vector n ∼ CN (0, I M ).
We assume throughout that the fading processes are i.i.d. among different users and BSs, with a m,k ∼ π a and b m,k ∼ π b , and can be viewed for each user as ergodic processes with respect to the time index. We denote by P the probability associated with those random sequences and by E the associated expectation. Throughout this work we use several subsets of the following assumptions.
(H2) π a and π b are absolutely continuous with respect to Lebesgue measure on C. (H3) There exists a real M such that if x is distributed according to π a (resp. π b ) then the density of |x| 2 is strictly positive on the interval [M; ∞). outside that ball is absolutely continuous with respect to π a and π b . We further assume that the channel state information (CSI) is available to the MCP only, while the transmitters know only the channel statistics, and cannot cooperate their transmissions in any way. Therefore, independent zero mean circularly symmetric Gaussian codebooks conform with the capacity achieving statistics, where x denotes the (M +1)K×1 transmit vector x ∼ CN (0, ρI (M +1)K ), and ρ is the average transmit power of each user (ρ is thus equal to the transmit SNR of the users).
In view of the above assumptions, the system (1) is a multiple access channel (MAC). We are interested in the percell sum-rate capacity
where P Kρ is the per-cell transmitted average power,
is an Hermitian Jacobi random matrix, and the expectation is taken over the channel transfer matrix entries. (Here and in the sequel, for a scalar z ∈ C, z † denotes the complex conjugate, while for a matrix A, A † denotes the matrix with
Since we focus on the asymptotes of infinite number of cells M → ∞, boundary effects can be neglected by standard symmetry argumentations.
The above description relates to the WB protocol where all users transmit simultaneously. According to the intra-cell TDMA protocol only one user is simultaneously active percell, transmitting 1/K of the time using the total cell transmit power P . In this case it is easily verified that with no loss of generality, we can consider a single user per-cell in terms of the per-cell sum-rate, setting K = 1 in (1) and (2).
III. BACKGROUND A. Analytical Difficulty
Many recent studies have analyzed the rates of various channels using results from (large) random matrix theory (see [4] for a recent review). In those cases, the number of random variables involved is of the order of the number of elements in the matrix G M (or H M ), and self-averaging is strong enough to ensure convergence of the empirical measure of eigenvalues, and to derive equations for the limit (or its Stieltjes transform). In particular, this is the case if the normalized continuous power profile of H M , which is defined as
converges uniformly to a bounded, piecewise continuous function as M → ∞, see e.g. [4, Theorem 2.50] and [5] for fluctuation results. In the case under consideration here, it is easy to verify that for K fixed, P M (r, t) does not converge uniformly, and other techniques are required.
B. High-SNR Regime Characterization
As an alternative to deriving exact analytical results we focus here on extracting parameters which characterize the channel rate in the high-SNR regime [6] , which is characterized through the high-SNR slope (also referred to as the "multiplexing gain").
log P , and the high-SNR power offset
, yielding the following affine capacity approximation
, where the existence of C(P ) lim M →∞ C M (P ), follows from Theorems 1 and 2 below.
The high-SNR characterization of the per-cell sum-rate supported by the "soft-handoff" uplink channel is known only in certain limited scenarios and is the main focus of this work.
C. Previous Results
See [7] and references therein for the relevant background on the random matrix techniques used in this paper.
In this section we briefly summarize previous results on the high-SNR regime parameters of "soft-handoff" uplink cellular model. For conciseness, we consider the case where π a = π b . Most of the results in the sequel can be extended to include the general case where π a = π b .
Starting with non-fading channels (i.e., when π a and π b are singletons at 1), the high-SNR characterization of the per-cell sum-rate is derived in [3] and is given by
Turning to the flat fading setup, the channel coefficients are taken as i.i.d. random variables, with
denoting the mean, and second power moment of an individual fading coefficient. The high-SNR characterization of the WB per-cell sum-rate for M → ∞ in the presence of a general fading distribution is given by [3] [8]
The bounds of the high-SNR parameters are tight for K 1. For the special case of Rayleigh fading (m 1 = 0, m 2 = 1) the high-SNR characterization is given by [9] [3][8]
where γ ≈ 0.5772 is the Euler-Mascheroni constant. It is noted that the right inequality of the high-SNR power offset is tight for K = 1, while the left inequality is tight for K 1. The beneficial effects of Rayleigh fading and increasing number of users are evident when compared to the non-fading high-SNR parameters of the respective non-fading setup (4) .
To conclude this section we emphasize that calculating exact expressions for the high-SNR parameters of the WB protocol rate with finite number of users per-cell and general fading distribution remains an open problem.
IV. MAIN RESULTS

Theorem 1 [intra-cell TDMA scheme K = 1, high-SNR characterization] Assume (H1) and (H2) .
a) For every P > 0, C M (P ) converges as M goes to infinity. We call the limit C(P ). b) We get the following bounds on C(P ), max Eπ a log(1 + P |x| 2 ), Eπ b log(1 + P |y| 2 )
≤ C(P ) ≤ Eπ a,πb log(1 + P (|x| 2 + |y| 2 )).
c) Further assume [(H3) or (H3')]. As P goes to infinity,
C(P ) = log P + 2 max (E πa log |x| , E π b log |x|) + o(1).
In particular, S ∞ = 1 and L ∞ = −2 max (E πa log 2 |x| , E π b log 2 |x|). Remarks: Note that point c) shows that the lower bound of point b) is tight in the high-SNR regime. On a different note, it is verified (see [7] ) that the results of point c) coincides with the results of [9] in the high-SNR regime for the special case of Rayleigh fading channels (i.e. S ∞ = 1, L ∞ = γ/ log 2 ).
The proof of the upper bound of point b) follows from Hadamard's inequality for semi-positive definite Hermitian matrices, whereas the proof of the lower bound is derived by applying information-theoretic inequalities similar to [10] . We outline a proof of points a) and c) assuming (H1), (H2) and [(H3) or (H3')] in Appendix A. For a complete proof of the theorem, refer to [7] .
Turning to the WB scheme we have the following less explicit high-SNR characterization. Theorem 2 [WB scheme K > 1, high-SNR characterization] Assume (H1), (H2) and (H4), and K > 1.
a) For every P > 0, C M (P ) converges as M goes to infinity. We call the limit C(P ). b) We get the following bounds on C(P ),
where the expectation is taken in the following way: the random variables a and b are independent, and a (resp. b) is a complex K-vector whose coefficients are independent and distributed according to π a (resp. π b ). c) As P goes to infinity,
where the expectation is taken in the following way: the random variables e and b are independent, and b is a complex K-vector whose coefficients are independent and distributed according to π b . The law of e is m 0 , which is the unique invariant probability of the Markov chain defined by
where for any two arbitrary equal length vectors a, b,
In particular, S ∞ = 1 and
The tools used for proving Theorem 2 are very similar to those used in Appendix A. Refer to [7, Appendix C] for a proof.
Note that although the roles of the sequences {a n } and {b n } in (7) are not symmetric, the expression (6) is symmetric in π a and π b , as is the case for K = 1. We conclude this section by noting that while Theorem 2 (WB scheme K > 1) does not give explicit expressions for the high-SNR power offset as Theorem 1, its proof leads immediately to easily computable bounds. In the following, the notation is as in Theorem 2, and we let e n (a) denote the Markov chain (7), with initial condition e 0 (a) = a.
Proposition 3 Assume (H1), (H2) and (H4), and
where the expectation is taken in the following way. e n (0) (resp. e n (∞)) and b are independent. b is a complex K-vector whose coefficients are independent and distributed according to π b . e n (0) (resp. e n (∞)) is the n-th step of the Markov chain defined by (7) with initial condition e 0 (0) = 0 (resp. e 0 (∞) = ∞). This result is a consequence of the monotonicity of the Markov chain e n with respect to the initial condition. Refer to [7, Proposition 3] for a proof.
V. NUMERICAL RESULTS In Fig. 2 we present the high-SNR power offset bounds of Proposition 3 in the special case of Rayleigh fading (π a = π b = CN (0, 1)), for K = 2 and K = 10 users percell, respectively. The curves are produced by Monte-Carlo simulation with 10 5 samples. The figure includes also the lower bound of (5), and the asymptotic results (and lower bound) for large number of users per-cell L ∞ = −1 (achieved by taking K to infinity in (5)). Examining the figure it is observed that the new bounds are getting tighter with their order n and that the new lower bound is tighter than (5) already for n = 2. Moreover, fixing the order n, the new bounds are getting tighter with the number of users per-cell K. This observation is also evident from Fig. 3 , where the bounds are plotted for a fixed order n = 2 versus the number of users per-cell K. Finally, since the upper bound of Fig. 2 is negative, we conclude that the presence of Rayleigh fading is beneficial over non-fading channels in the high-SNR region already for K = 2.
VI. CONCLUDING REMARKS In this paper we study the high-SNR characterization of the per-cell sum-rate capacity of the "soft-handoff" uplink cellular channel with multicell processing. Taking advantage of the special topology induced by the setup, the problem reduces to the study of the spectrum of certain large random Hermitian Jacobi matrices. For the intra-cell TDMA protocol we provide an exact closed form expression for the per-cell sum-rate high-SNR power offset for rather general fading distribution. Turning to the capacity achieving WB protocol, we derive a series of lower and upper bounds on the rate high-SNR power offset. These bounds are shown (via Monte-Carlo simulations) to be tighter than previously known bounds. Extension of the results for finite-band matrices (i.e. G M is a (2p−1)-diagonal for some p > 2) are reported in [11] . ACKNOWLEDGMENTS This research was partially supported by a US NSF grant number DMS-0503775, a Marie Curie Outgoing International Fellowship within the 6th European Community Framework Programme, the European Commission in the framework of the FP7 Network of Excellence in Wireless COMmunications NEWCOM++, and the REMON Consortium.
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A. Proof of Theorem 1 (outline)
We define C M (P ) = 1/M log det G M , such that C M (P ) = EC M (P ). We will show that C M (P ) converges a.s, which by Hadamard's inequality for semi-positive definite Hermitian matrices and (H1) will imply Theorem 1.a).
Without loss of generality, in the proof we can assume (H5) E πa log |x| ≤ E π b log |x|. Indeed, we may exchange the role of entries a i and b i for 1 ≤ i ≤ M by a right-left reflection, namely the transformation
